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fairly rapidly with N , reaches what appears to be a saturated state
before actually beginning to fall with increasing N . At values of
N ¸ 0:4, the wall shear stress is reduced to levels below that of the
stationarychannel.The literaturedoes not containa referenceto this
unexpectedbehaviorat high N , but this is not surprisingbecause all
of the previous calculations seem to be con� ned to N · 0:15.

Inspectionof the shear-and rotation-productionterms in the equa-
tion for uv provides a possible explanation for this behavior. These
terms appear in that equation as
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¡ 2.u2 ¡ v2/Ä C ¢ ¢ ¢ (6)

The quantity .u2 ¡v2/, althougheverywherepositive in a stationary
channel, changes sign at high rates of rotation. Once this occurs,
the rotation-productionterm becomes a sink in the uv equation,and
this will act to reduce this quantity with increasing N . The DNS
results support this interpretation: For N D 0:5, they show the dif-
ference in normal stresses to be negative over 63% of the channel
cross section, with the levels of both the turbulence kinetic energy
k and the structural parameter (uv=k) actually falling below their
levels at N D 0:15. The causes of the exaggerated model behavior
are not clear: It is possible that the pressure-strain models are not
responding properly to the effects of high rotation or that the con-
tribution of the pressure diffusion term can no longer be neglected
in such conditions. Clearly, further work is needed to clarify this
unexpected behavior.

Concluding Remarks
The applicability of linear and quadratic models for the � uctuat-

ing pressure-strain correlations is extended to � ows with a system
rotationby using the intrinsic spin tensor in place of the coordinate-
dependent vorticity tensor. The extension is tested here for � ow in
a channel rotated about its spanwise axis but is equally applicable
to all other models of rotation.
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Nomenclature
a = speed of sound
cv = speci� c heat at constant volume
Gmn = shock-perturbationfactor
K± = hypersonic similarity parameter, M1±
M1 = freestream Mach number
P = pressure
S = speci� c entropy
W = azimuthal velocity perturbation
¯ = semivertex angle of the unperturbed shock
° = ratio of speci� c heat (1.4 for air)
± = semivertex angle of the unperturbed cone
" = perturbationparameter (extremely small)
½ = density
¾ = shock relation, ¯=±

Subscripts

m = mth term in expansion
n = nth term in expansion
0 = zeroth-order, unperturbed � ow quantities

Introduction

R EGARDING the development of the vortical layer problem,
Ferri1 proposedthe vortical layer concept and analyticallyver-

i� ed the invalidity of Stone’s2 results in an extremely thin vortical
layer near the cone surface. This extremely small layer is required
to adjust the entropy value from the outer solution to equalize the
entropy value on the cone surface. Munsun3 used the asymptotic
matching principle and obtained uniformly valid solutions for the
entire � ow� eld. He also found the azimuthal velocity and pressure
in the outer expansion uniformly valid in the � rst-order perturba-
tion. In 1985, Rasmussen4 analyzed the shock layer in conical � ow
with transversecurvature.For innerexpansion,he appliedMunson’s
suggestion3 of coordinateparameters and successfullyobtained the
analytical results for the vortical layer in the perturbed � ow. Also,
by using the matching method, the outer solutions and inner solu-
tions are completely matched as the composite solutions,which are
uniformly valid in the whole shock layer.

Recently, Lin and Rasmussen5 combined the effects of longitudi-
nal and transversecurvaturesof conical � ow and proceededto carry
out an outer perturbation expansion. Because the outer expansion
solutions are not uniformly valid in the shock layer, however, the
outcome near the conical body surface remains defective.To inves-
tigate the vortical layer near the cone surface for a conical bodywith
multidirectional curvature, this study intends to discover uniformly
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valid analytical solutions in the shock layer by applying the inner
perturbationexpansionsto analyze the characteristicsin that region.
Thereafter, the physical phenomenon inside the vortical layer can
be investigated carefully.

Formulation of the Perturbed Conical Flow
The geometry of a perturbed conical body with multidirectional

curvature is shown in Fig. 1. For convenience, this study adopts the
spherical coordinates (r , µ , Á) to describe the � ow. In the perturbed
� ow, the velocity vector is given by

V D u Oer C v Oeµ C w OeÁ (1)

The basic conical body with combined longitudinal and transverse
curvature can be expressed as

µb D ± 1 ¡ "mn.r=l/m cos nÁ (2)

where l is the cone length. In addition, the relation of perturbed
shock is

µs D ± ¾ ¡ "mn Gmn.r=l/m cos nÁ (3)

Because the perturbed cone shape is changed by the perturbation
variables, the original spherical coordinatesystem is not valid in the
perturbedcone and the perturbedshock.To deal with this, it is useful
to introduce a new independent variable such that the boundary
conditions are evaluated at the actual boundary location. Thus, we
introducea new stretchedindependentvariableµ0 D µ0.µ; r; Á/ such
that5

µ0 ¡ ±

¯ ¡ ±
D

µ ¡ µb.r; Á/

µs.r; Á/ ¡ µb.r; Á/
(4)

By assuming steady, inviscid, adiabatic, and perfect gas condi-
tions, the governing equations of the mass, momentum, and energy
must be transformed by the new independentvariables for the outer
expansion analysis.5

Spherical coordinates

Ogival body produced by perturbed cone

Fig. 1 Perturbed conical geometry.

First-Order Inner Perturbation Expansions
According to Munson’s suggestion,3 the inner coordinate vari-

ables for the vortical layer are introduced as

R D r; 9 D µ ¡ µb.r; Á/

µs ¡ µb.r; Á/

"mn

D µ0 ¡ ±

¯ ¡ ±

"mn

; 8 D Á

(5)

We can rewrite the governing equations of the outer expansions in
terms of the inner variables,4 and thus the governing equations for
the vortical layer are obtained.

The � rst-order inner perturbation expansionsassume the follow-
ing form4:

W i .R; 9; 8I "mn/ D "mnW i
mn.R; 9; 8/ C "2

mn (6a)

P i .R; 9; 8I "mn/ D p0.±/ 1 C "mn P i
mn.R; 9; 8/ C "2

mn

(6b)

½ i .R; 9; 8I "mn/ D ½0.±/ 1 C "mn½i
mn.R; 9; 8/ C "2

mn

(6c)

S i .R; 9; 8I "mn/ D s0 C cv "mn Si
mn.R; 9; 8/ C "2

mn (6d)

These expansionsare to be substituted into the governingequations
of the vortical layer, and the � rst-order perturbation equations are

@ P i
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@9
D 0 (7a)

¡2u0.±/9
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C
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±
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D 0 (7b)

Si
mn D P i

mn ¡ °½ i
mn (7c)

When incorporatedwith the asymptotic matching principle,6 the
inner expansion of pressure is decided:

P i .R; 8I "mn/ D p0.±/ 1 C "mn Po
mn.±/.R=l/m cos n8 C "2

mn

(8)

The right-hand side of Eq. (8) is the outer expansion5 evaluated
at the cone surface. Therefore, the outer expansion for pressure is
uniformlyvalid across the shock layer to all orders of "mn . Thus, the
� rst-order inner pressure expressed in Eq. (7a) can be rewritten as

P i
mn.R; 8/ D Po

mn.±/.R=l/m cosn8 (9)

which is in accordance with Eq. (8). Moreover, with the preceding
relations,theÁ-momentumouterperturbationequation5 is evaluated
on the cone surface µ0 D ± to yield

Po
mn.±/ D .m C 1/° ±u0.±/

na2
0.±/

W o
mn.±/ (10)

The � rst-order entropy can be obtained from Eq. (7b), which is
a � rst-order partial differential equation having the characteristic
equation

dSi
mn D 0 (11)

Similarly, applying the asymptotic matching principle requires that
the outer limit of the inner expansion(9 ! 1) equals the inner limit
of the outer solution (µ0 ! ±). When that is done, we obtain

Si
mn.9; 8/ D So

mn.¯/
9 A¤

mn ¡ tan2.n8=2/

9 A¤
mn C tan2.n8=2/

(12)

where A¤
mn ´ ¡[nW o

mn.±/=±V1]. Obviously,aftercheckingEq. (12),
Si

mn approaches So
mn.¯/ cosn8 as 9 ! 1, which is the be-

havior of the outer solution; S i
mn D ¡So

mn.¯/ on the cone surface is
a constantvalue as 9 ! 0, which is the correctbehavior.Therefore,
the entropyvaluecalculatedby Eq. (12) is uniformlyvalid across the
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shock layer. Meanwhile, the density of the inner solution is derived
through Eq. (7c):

½i
mn.R; 9; 8/ D .1=° / Po

mn.±/.R=l/m cos n8 ¡ S i
mn.9; 8/ (13)

Vortical Layer Analysis
With respect to the properties in the vortical layer, the pressure is

veri� ed to be uniformlyvalidfor the whole shock layer from thepre-
ceding analysis.Figure 2 indicatesthe distributionsof the � rst-order
perturbed entropy for different values of 8. It is normalized with
the maximumvalue .Si

mn/max D ¡So
mn.¯/. The entropyvaries slowly

across the shock layer toward the cone surface and demonstrates a
rapid change until it approaches the outer edge of the vortical layer.
In Fig. 2, all of the curves approach Si

mn.µ0/=.Si
mn/max D 1 at the

limit µ0 ! ±.
In addition, when the � ow approaches the conical body surface,

it is obvious that the outer solution of density5 is not valid on the
conical body surface. Hence, by means of the additive method, we
have the composite solution ½c

mn for the density at the base plane
r D l:

½c
mn.µ0; Á/ D

1

°
Po

mn.µ0/ cosnÁ ¡ So
mn.¯/

9 A¤
mn ¡ tan2.nÁ=2/

9 A¤
mn C tan2.nÁ=2/

(14)

The outer, inner, and compositedensity solutions for Á D 60 deg are
plotted and compared in Fig. 3 as a demonstration.As expected, the
largevariationnear the cone surfacecannotbe predictedby the outer
solution; also the inner solution loses its accuracy as µ0 approaches

Fig. 2 First-order uniformly valid entropy variation in the shock layer
for various azimuthal angles.

Fig. 3 First-order composite density solution from the matching of
outer and inner solutions.

Fig. 4 First-order uniformly valid density variation near the cone sur-
face for various azimuthal angles.

¯ . However, after asymptoticallymatching these two solutions, the
composite solution is, thus, obtained and is uniformly valid across
the whole shock layer. Similar density curves across the shock layer
of Á are shown in Fig. 4 for different values. The conditions are for
an elliptic cone with longitudinalcurvature,m D 1 and n D 2. Note
that only 10% of the shock layer close to the body is presented in
Fig. 4 to show how very thin the vortical layer is.

Concluding Remarks
This study applies the perturbation method to move along the

inner expansion to investigate the vortical layer associatedwith hy-
personic � ow past the perturbed cones. Large gradient changes in
entropy and density are found when the � ow approaches the cone
surface.Also thepressurein the shock layer is shownto beuniformly
valid, which agrees with previous studies. In addition, by setting
m D 0 to remove the longitudinalperturbation,the present inner so-
lution may be simpli� ed to the inner solution of two-dimensional
conical � ow with transverse curvature,as accomplishedpreviously.
This study generalizes these results to take both longitudinal and
transverse curvatures into account in a rigorous manner. To derive
the expressions for properties inside the vortical layer, coordinate
stretching is introduced to recast the governingequation describing
the correct physical phenomena in this thin layer and can be used
to move along the inner expansions. Therefore, incorporating the
asymptotic matching principle into the inner and outer solutions,
the uniformly valid approximation for the whole shock layer is ob-
tained and expressed in closed form. The existence of the vortical
layer implies that, even under inviscid conditions, the grids and
numerics for numerical computationshould be fashionedto accom-
modate this thin region of rapid adjustment.

Acknowledgment
The authorswould like to thank the National Science Council for

� nancial support of this research under Contract NSC86-2212-E-
011-028.

References
1Ferri,A., “SupersonicFlowAroundCircular Cones at Angles ofAttack,”

NACA TN-2236, Nov. 1950.
2Stone, A. H., “On Supersonic Flow Past a Slightly Yawing Cone,” Jour-

nal of Mathematics and Physics, Vol. 27, No. 1, 1948, pp. 67–81.
3Munson, A. G., “The Vortical Layer on an Inclined Cone,” Journal of

Fluid Mechanics, Vol. 20, Pt. 4, 1964, pp. 625–643.
4Rasmussen, M. L., “Aerodynamics of Cone-Derived Waveriders and

Related Lifting Bodies,” U.S. Air Force Armament Lab., AFATL-TR-84-
70, Eglin AFB, FL, March 1985.

5Lin, S. C., and Rasmussen, M. L., “Cone-Derived Waverider with Com-
bined Transverse and Longitudinal Curvature,” AIAA Paper 88-0371, Jan.
1988.

6Van Dyke, M. D., Perturbation Methods in Fluid Mechanics, Academic,
New York, 1964, pp. 77–97.

P. R. Bandyopadhyay
Associate Editor


